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SECOND EIGENVALUE OF THE YAMABE OPERATOR AND APPLICATIONS
S. El Sayed1
Abstract. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3. In this paper, we give
various properties of the eigenvalues of the Yamabe operator Lg. In particular, we show how the second
eigenvalue of Lg is related to the existence of nodal solutions of the equation Lgu = ε|u|N−2u, where
ε = +1, 0, or −1.
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1. Introduction
This paper is part of a Phd thesis whose purpose is to study the relationships between the eigenvalues
of the Yamabe operator, in particular their sign, and analytic, geometrical or topological properties of
compact manifolds of dimension n ≥ 3:
Let (M, g) be a n-dimensional compact Riemannian manifold (n ≥ 3). The Yamabe operator or conformal
Laplacian operator Lg is defined by
Lg(u) := cn∆gu+ Sgu,
where ∆g is the Laplace-Beltrami operator, cn =
4(n−1)
n−2 and Sg the scalar curvature of g. The Yamabe
operator Lg has discrete spectrum
spec(Lg) = {λ1(g), λ2(g), · · · } ,
1elsayed@iecn.u-nancy.fr
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where the eigenvalues are such that
λ1(g) < λ2(g) ≤ λ3(g) ≤ · · · ≤ λk(g) · · · → +∞.
The i−th eigenvalue λi(g) is characterized by
λi(g) = inf
V ∈Gri(H21 (M))
sup
v∈V \{0}
∫
M
vLgv dvg∫
M
v2 dvg
, (1)
where Gri(H
2
1 (M)) stands for the set of all i-dimensional subspaces of H
2
1 (M).
Our project is to understand what we can deduce from the sign of λi. Now, we summarize what is
known about this question and explain our motivations. At first, it is straightforward to see that the
sign of λ1(g) is the same as the sign of the Yamabe constant µ(M, g) of (M, g) (and as a consequence
is conformally invariant). See Section 4 for more informations. Hence the positivity of λ1(g) has many
consequences usually stated in terms of positivity of the Yamabe constant. For instance, we obtain
Proposition 1.1. A compact manifold M of dimension n ≥ 3 carries a metric with positive scalar
curvature if and only if it carries a metric g such that λ1(g) > 0.
We recall that classifying such compact manifolds is a challenging open problem, only solved for n = 3
using Perelman’s techniques. We also mention [BD03] where M. Dahl and C. Ba¨r deduce many topologi-
cal properties of compact manifolds from a careful study of the eigenvalues λi of the Yamabe operator Lg.
The sign of λ1 can also be read in terms of existence or non-existence of positive solutions of the Yamabe
equation:
Lgu = ǫ|u|
N−2u, (2)
where N := 2n
n−2 and ǫ ∈ {−1; 0; 1}. Inspired by this observation, B. Ammann and E. Humbert [AH06]
enlighted the role of λ2 in the existence of nodal solutions (i.e. having a changing sign) of the Yamabe
equation (2). See again Section 4 for more explanations.
In this paper, we establish various properties of the eigenvalues of the Yamabe operator. First of all, we
extend their definition to what we call generalized metrics when possible (see Paragraph 2) and prove
that their sign is a conformal invariant (see Paragraph 3.1). This paper initiates the study of the re-
lationships between these conformal invariants and the topology of the manifold by showing that their
negativity is not topologically obstructed (see Paragraph 2.2). These investigations will be treated much
more deeply in [ES]. The main point of this article is to complete the results of B. Ammann and E.
Humbert [AH06] and to study how the sign of the second eigenvalue of the Yamabe operator can be
related to the existence of nodal solutions of the Yamabe equation (2), in particular when the Yamabe
constant of (M, g) is negative. Our main result is to prove that under this condition, such a solution
always exists with ǫ = sign(λ2(g)). This is the object of Theorem 4.1.
The author would like to thank Emmanuel Humbert for his support and encouragements.
2. Eigenvalues in conformal metrics
In the whole paper, we will deal with the behavior of the eigenvalues of the Yamabe operator in a fixed
conformal class. It will be usefull to express their definition relatively to a fixed metric. This is the goal
of this section.
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2.1. Smooth metrics. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3, we keep the
notations of the introduction and for any metric g˜, we will denote by
λ1(g˜) < λ2(g˜) ≤ λ3(g˜) ≤ · · · ≤ λk(g˜) · · · → +∞,
the eigenvalues of the Yamabe operator. We will deal with the case where g˜ is conformal to g, i.e. when
g˜ = uN−2g, where u is a positive function of class C∞. By referring to [AH06], one sees that the i−th
eigenvalue λi(g˜) is given by
λi(g˜) = inf
V ∈Gri(H21 (M))
sup
v∈V \{0}
∫
M
cn|v|
2 + Sgv
2 dvg∫
M
v2 uN−2 dvg
, (3)
where g˜ = uN−2g; u ∈ C∞(M), u > 0 and Gri(H
2
1 (M)) stands for the set of all i-dimensional subspaces
of H21 (M).
2.2. Generalized metrics. Reducing to smooth metrics will too restrictive for our investigations. We
will need to work with generalized metrics, i.e. metrics of the form g˜ = uN−2g with u ∈ LN(M), u ≥ 0
and u 6≡ 0. The Yamabe operator Lg˜ has no meaning any more but the definition of λi(g˜) can anyway be
extended to this case by using (3) as it was done in [AH06] when the Yamabe constant was non-negative
i.e. when λ1(g) ≥ 0. When λ1(g) < 0, the situation is a little bit different: λi(g˜) defined by (3) can be
−∞ as proved by the following proposition.
Proposition 2.1. Assume that λ1(g) < 0, then there exists u ∈ L
N(M), u 6≡ 0, u ≥ 0 such that
λ1(g˜) = −∞, where g˜ = u
N−2g.
This proposition will be proved in Paragraph 2.2.1. To make sure that λ1(g˜) is finite, one has to assume
in addition that u is positive.
Proposition 2.2. Let u be a positive function in LN (M). Suppose that λ1(g) < 0. Then, we have
λ1(g˜) > −∞.
The proposition is proved in Paragraph 2.2.2.
Notation 2.3. The ith eigenvalue of Lg, λi(g˜) = λi(u
N−2g) will be denoted by λi(u) when there is no
ambiguity about g.
2.2.1. Proof of Proposition 2.1. We have λ1(g) < 0, this implies that there exists a function v ∈ C
∞(M)
such that ∫
M
(Lgv)v dvg < 0.
Let P be a point of M . For ε > 0, we define ηε as follows
0 ≤ ηε ≤ 1,
ηε = 0 on Bε(P ),
ηε = 1 on M\B2ε(P ),
|∇ηε|≤
2
ε
.
where Bδ(P ) stands for the ball of center P and radius δ in the metric g. Then one easily cheks
lim
ε→0
∫
M
(Lg(ηεv))(ηεv) dvg =
∫
M
(Lgv)v dvg.
We define w := ηεv. Therefore, for a fixed small ε > 0, we have∫
M
(Lgw)w dvg < 0.
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Let u ≥ 0, u 6≡ 0 of class C∞ with support in Bε(P ). For α > 0, since (w + α)u 6≡ 0, we can write
λ1(g˜) = inf
v′
∫
M
(Lgv
′)v′ dvg∫
M
uN−2v′2 dvg
≤ lim
α→0+
∫
M
(Lg(w + α))(w + α) dvg∫
M
uN−2(w + α)2 dvg
.
Moreover, we have
lim
α→0+
∫
M
(Lg(w + α))(w + α) dvg =
∫
M
(Lg(w))w dvg < 0,
and
lim
α→0+
∫
M
uN−2(w + α)2 dvg = 0
which gives that
lim
α→0
∫
M
(Lg(w + α))(w + α) dvg∫
M
uN−2(w + α)2 dvg
= −∞.
This ends the proof of Proposition 2.1.
2.2.2. Proof of Proposition 2.2. Let (vm)m be a minimizing sequence for λ1(u), i.e. vm ∈ H
2
1 (M) such
that
lim
m−→∞
∫
M
cn|∇vm|
2+Sgv
2
m dvg∫
M
|u|N−2v2m dvg
= lim
m−→∞
λm = λ1(u) < 0.
Since (|vm|)m is also a minimizing sequence for λ1(u), we can assume that vm ≥ 0. We normalize vm by∫
M
|u|N−2v2m dvg = 1. Here we show that (vm)m is bounded in H
2
1 (M). Indeed, suppose that (vm)m is
not bounded in H21 (M) and let
v′m =
vm
‖ vm ‖H21(M)
.
(v′m)m is bounded in H
2
1 (M), and his norm is equal to 1, then there exists v
′ ∈ H21 (M), (after restriction
to a subsequence) such that
v′m ⇀ v
′ in H21 (M),
v′m −→ v
′ in L2(M).
We have
cn
∫
M
|∇v′m|
2
dvg +
∫
M
Sgv
′2
m dvg = λm
∫
M
|u|N−2 v′2m dvg.
Moreover, ∫
M
|u|N−2 v′2 dvg ≤
∫
M
|u|N−2 v′2m dvg →m−→∞ 0
since
‖vm‖H21 (M)
−→∞.
It follows that ∫
M
|u|
N−2
v′2 dvg = 0
and since u is positive,
v′ = 0.
Now, we write
1 =
∫
M
|∇v′m|
2
dvg +
∫
M
|v′m|
2
dvg︸ ︷︷ ︸
−→0
.
We deduce that
lim
m→∞
∫
M
|∇v′m|
2
dvg = 1,
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giving the desired contradiction:
cn
∫
M
|∇v′m|
2
dvg︸ ︷︷ ︸
−→1
+
∫
M
Sgv
′2
m dvg︸ ︷︷ ︸
−→0
= λm
∫
M
|u|
N−2
v′2m dvg ≤ 0.
This proves that (vm)m is bounded in H
2
1 (M), and implies that λm ≥ C. We finally get λ1(g˜) > −∞.
2.3. PDE associated to λi.
Proposition 2.4. For any non-negative function u ∈ LN(M), such that λ1(u) > −∞, there exists
functions v1 > 0, v2, . . . , vk ∈ H
2
1 (M) having a changing sign, such that in the sense of distributions, we
have
Lgv1 = λ1(u)|u|
N−2v1,
and
Lgvk = λk(u)|u|
N−2vk.
Moreover, we can normalize the vk by∫
M
|u|N−2v2k dvg = 1 and
∫
M
|u|N−2vivj dvg = 0 ∀i 6= j.
Proof: Let (vm)m be a minimizing sequence for λ1(u), i.e. vm ∈ H
2
1 (M) such that
lim
m−→∞
∫
M
cn|∇vm|
2+Sgv
2
m dvg∫
M
|u|N−2v2m dvg
= λ1(u).
According to the Paragraph 2.2.2, we get that (vm)m is bounded in H
2
1 (M) and there exists v ≥ 0 in
H21 (M) such that vm converges to v weakly in H
2
1 (M) and strongly in L
2(M) (after restriction to a
subsequence). We now want to prove∫
M
|u|N−2v2 dvg = lim
m−→∞
∫
M
|u|N−2v2m dvg = 1. (4)
If u is smooth, this relation is clear. So let us assume that u ∈  LN (M), let A be a large real number and
set uA = inf {u,A} . By Ho¨lder inequality, we write∣∣∣∣∫
M
uN−2
(
v2m − v
2
)
dvg
∣∣∣∣ = ∣∣∣∣∫
M
(
uN−2 − uN−2A + u
N−2
A
) (
v2m − v
2
)
dvg
∣∣∣∣
≤
(∫
M
uN−2A |v
2
m − v
2| dvg +
∫
M
(uN−2 − uN−2A )(|vm|+ |v|)
2 dvg
)
≤ AN−2
∫
M
|v2m − v
2| dvg
+
(∫
M
(uN−2 − uN−2A )
N
N−2 dvg
)N−2
N
(∫
M
(|vm|+ |v|)
N dvg
) 2
N
.
(vm)m is bounded in H
2
1 (M), it is bounded in L
N (M). Hence there exists a constant C such that∫
M
(|vm|+ |v|)
N dvg ≤ C.
The convergence in L2(M) gives
lim
m−→∞
∫
M
|v2m − v
2| dvg = 0.
By dominated convergence theorem, we have
lim
A−→∞
∫
M
(
uN−2 − uN−2A
) N
N−2 dvg = 0.
6 SECOND EIGENVALUE OF THE YAMABE OPERATOR AND APPLICATIONS
Hence, we get (4). Since
lim
m
∫
M
〈∇vm,∇ϕ〉 dvg =
∫
M
〈∇v,∇ϕ〉 dvg,
lim
m
∫
M
Sgvmϕ dvg =
∫
M
Sgvϕ dvg
and
lim
m
∫
M
|u|N−2vmϕ dvg =
∫
M
|u|N−2vϕ dvg,
(by strong convergence in L2(M)), we obtain that in the sense of distributions v verifies
Lgv = λ1(u)|u|
N−2v.
Now we define
λ′k(u) = inf
vk;|u|
N−2
2 vk 6≡0∫
M
|u|N−2vivk dvg=0∀i<k
∫
M
cn|∇vk|
2+Sgv
2
k dvg∫
M
|u|N−2|vk|2 dvg
.
we remark that λ′k(u) = λk(u) and vk is constructed by induction using the same method. This ends the
proof of Proposition 2.4. 
3. Sign of λi
3.1. The sign of λi is conformally invariant.
Proposition 3.1. The sign of λi is independent of the metric selected in the conformal class. More
precisely, for any conformal metric g˜ = uN−2g, where u is a non-negative function in LN (M), λi(u) and
λi(1) have same sign.
Proof: We assume for example that λi(u) = 0 and λi(1) > 0, we know that
λi(u) = inf
u1,...,ui
sup
λ1,...,λi
∫
M
Lg(λ1u1 + · · ·+ λiui)(λ1u1 + · · ·+ λiui) dvg∫
M
(λ1u1 + · · ·+ λiui)2uN−2 dvg
,
and
λi(1) = inf
u1,...,ui
sup
λ1,...,λi
∫
M
Lg(λ1u1 + · · ·+ λiui)(λ1u1 + · · ·+ λiui) dvg∫
M
(λ1u1 + · · ·+ λiui)2 dvg
.
Suppose that λi(u) is attained by v1, . . . , vi. Since denominators of this expressions are positive, then
sup
λ1,··· ,λi
∫
M
Lg(λ1v1 + · · ·+ λivi)(λ1v1 + · · ·+ λivi) dvg = 0.
So
λi(1) ≤ sup
λ1,...,λi
∫
M
Lg(λ1v1 + · · ·+ λivi)(λ1v1 + · · ·+ λivi) dvg∫
M
(λ1v1 + · · ·+ λivi)2uN−2 dvg
= 0,
which gives a contradiction. The remaining cases are treated similarly.
3.2. The negativity of λk is not topologically obstructed. In this paragraph, we will see that on
each manifold, there exists a metric which has a negative kth-eigenvalue.
Proposition 3.2. On any compact Riemannian manifold M, and for all k ≥ 1 there exists a metric g
such that
λk(g) < 0.
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Proof: Let M be a compact Riemannian manifold of dimension n, and we take k spheres of dimension
n = dim(M). We equip each sphere Sn by the same metric g, such that µ(g) < 0. We can do this by
referring to [Aub98] (Theorem [1] page 38). Let P ∈ M, since µ(g) < 0, for all ε, δ > 0 we can find a
function u supported in Sn\Bε(P ) such that∫
M
cn|∇u|
2+Sgu
2 dvg∫
M
u2 dvg
< −δ.
Indeed, let ηε be a smooth cut-off function such that 0 ≤ ηε ≤ 1, ηε(Bε(P )) = 0, ηε(S
n\B2ε(P )) = 1,
|∇ηε|≤
2
ε
and a function v satisfying
Ig(v) =
∫
M
cn|∇v|
2+Sgv
2 dvg∫
M
v2 dvg
< −2δ.
Note that the existence of v is given by the fact that µ(g) < 0. The desired function u will be given by
ηεv, where ε > 0 is sufficiently small. Indeed, it suffices to notice that, as easily checked,
lim
ε−→0
Ig(ηεv) = Ig(v).
Let P1, · · · , Pk be points of M. We consider the following connected sum
M ′ =M#(Sn)1# . . .#(S
n)k,
where the (Sn)i are attached at P on the spheres S
n and at Pi on M so that the handles are attached in
Bε(P ) and Bε(Pi). Note that M
′ is diffeomorphic to M. Moreover, the above construction allows to see
(Sn)i\Bε(Pi) as a part of M
′.
We take on M ′ any metric h satisfying
h|(Sn)i\Bε(Pi) = g.
On M ′, we define the following function
ui =
∣∣∣∣∣∣
u on (Sn)i\Bε(Pi)
0 otherwise.
Since the ui have disjoint supports, we get
λk(1) ≤ sup
λ1,...,λk
∫
M ′
Lg(λ1u1 + · · ·+ λkuk)(λ1u1 + · · ·+ λkuk) dvh∫
M ′
(λ1u1 + · · ·+ λkuk)2 dvh
≤ sup
λ1,...,λk
(λ21 + . . .+ λ
2
k)
∫
M
(Lgu)u dvg
(λ21 + . . .+ λ
2
k)
∫
M
u2 dvg
≤
∫
M
(Lgu)u dvg∫
M
u2 dvg
< −δ.
4. Nodal solutions of the Yamabe equations
A famous problem in Riemannian geometry is the Yamabe problem, solved between 1960 and 1984 by
Yamabe, Tru¨dinger, Aubin and Schoen, [Yam60, Tru68, Aub76, Sch84]. The reader can also refer to
[LP87, Heb97, Aub98]. The Yamabe problem consists in finding a metric g˜ conformal to g such that
the scalar curvature Sg˜ of g˜ is constant. Solving this problem is equivalent to finding a positive smooth
function and a number C0 ∈ R such that
Lg(u) = C0|u|
N−2u, (5)
where N = 2n
n−2 . In order to obtain solutions of the Yamabe equation we define the Yamabe invariant by
µ(M, g) := inf
u6=0,u∈C∞(M)
Y (u),
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where
Y (u) =
∫
M
cn|∇u|
2+Sgu
2 dvg(∫
M
|u|N dvg
) 2
N
.
The works of Yamabe, Tru¨dinger, Aubin and Schoen provides a positive smooth minimizer u of Y ,
satisfying, if normalized by ‖u‖LN(M) = 1,
Lgu = µ(M, g)|u|
N−2u.
The metric g˜ = uN−2g is the desired metric: its scalar curvature is constant equal to µ(M, g). If we set
u′ = µ(M, g)
n−2
4 u, we obtain a positive solution of
Lgu
′ = ε|u′|N−2u′
where ε = sign (µ(M, g)) = sign(λ1(g)).
Now, if µ(M, g) ≥ 0, it is easy to chek that
µ(M, g) = inf
g˜∈[g]
λ1(g˜)vol(M, g˜)
2
n ,
where [g] is the conformal class of g and λ1 is the first eigenvalue of the Yamabe operator Lg. Inspired
by this approach, in their paper [AH06], B. Ammann et E. Humbert introduced the second Yamabe
invariant defined by
µ2(M, g) = inf
g˜
λ2(g˜)vol(M, g˜)
2
n
= inf
u
λ2(u
N−2g)
(∫
M
uN dvg
) 2
n
.
They studied this invariant in the case where µ(M, g) ≥ 0, and they proved that µ2 is attained by a
generalized metric, (i.e. a metric of the form uN−2g where u ∈ LN (M), u ≥ 0 which may vanish), in the
following two cases
• µ(M, g) > 0, (M, g) is not locally conformally flat and n ≥ 11.
• µ(M, g) = 0, (M, g) is not locally conformally flat and n ≥ 9.
In this context, they proved that u is the absolute value of a changing sign function w of class C3,α(M),
which verifies the following equation
Lgw = µ2(M, g)|w|
N−2w.
Many works are devoted to the study of this kind of solutions, for example [AH06], [DJ02], [Hol99],
[HV94], [Ve´t07]. See also [BB10] for an analogue study for the Paneitz-Branson operator. Setting again
w′ = µ2(M, g)
n−2
4 w, we obtain a solution of
Lgw
′ = ε|w′|N−2w′
with ǫ = 1 = sign (µ2(M, g)) = sign (λ2(g)). The goal of this section is to study if this result extends
to metrics where the sign of λ2(g) is arbitrary.
The answer is yes when λ2 < 0 without any other condition, we obtain this result by a method different
than the one of [AH06]. Notice that this situation occurs for a large number of metrics (see Proposition
3.2). When λ2 ≥ 0, we show that the methods in [AH06] can be extended to the case where µ(M, g) < 0.
Namely, the main result of this paper is:
Theorem 4.1. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3 whose Yamabe in-
variant µ(M, g) is strictly negative, we denote by λ2 the second eigenvalue of Lg. Then, if λ2 ≤ 0 or if
λ2 > 0, (M, g) not locally conformally flat and n ≥ 6:
There exists a function w changing sign, solution of the equation
Lgw = ε|w|
N−2w,
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where ε = +1 if λ2 > 0, ε = −1 if λ2 < 0 and ε = 0 if λ2 = 0. Moreover, w ∈ C
3,α(M), for all α < N−2.
4.1. The case λ2 = 0. This case is obvious: indeed, Proposition 2.4 provides the existence of a nodal
solution v of Lgv = 0 = ε |v|
N−2 v where ε = 0 = sign (λ2(g)).
4.2. The case λ2 > 0. As in [AH06], we introduce the second Yamabe invariant given by
µ2(M, g) = inf
g˜
λ2(g˜)vol(M, g˜)
2
n
= inf
u>0
λ2(u)
(∫
M
uN dvg
) 2
n
.
By Proposition 4.2 below, the problem reduces to finding a minimizer of µ2(M, g). The case where
µ(M, g) ≥ 0 have been treated in [AH06]. We will then focus on the case where µ(M, g) < 0 (i.e.
λ1(g) < 0). We will see that the method of Ammann and Humbert remains valid in this case and the
following three propositions answer our questions.
Proposition 4.2. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3, such that λ2 > 0.
If
µ2(M, g) < µ(S
n), (6)
with µ(Sn) = n(n − 1)ω
2
n
n , where ωn stands for the volume of the standard sphere S
n, then the second
Yamabe invariant is attained by a non-negative function u ∈ LN(M) that we normalize by
∫
M
uN dvg = 1.
There exists a function w having a changing sign which verifies in the sense of distributions the following
equation
Lgw = µ2(M, g)|u|
N−2w. (7)
The functions u and w will be normalized by∫
M
uN dvg = 1,
∫
M
uN−2 w2 dvg = 1.
Proposition 4.3. The two functions u and w given by Proposition 4.2 satisfy
u = |w|.
Finally, we give a condition under which assumption (6) is satisfied:
Proposition 4.4. Let (M, g) be a compact Riemannian manifold of dimension n ≥ 6, suppose that M
is not locally conformally flat and his Yamabe invariant µ(M, g) < 0, then
µ2(M, g) < µ(S
n).
4.2.1. Proof of Proposition 4.2. The case where µ(M, g) ≥ 0 is done in [AH06], hence we consider here
the case where µ(M, g) < 0. By the solution of the Yamabe problem, we can assume without loss of
generality, that Sg = −1. Let (um)m be a minimizing sequence for µ2(M, g), i.e., um is positive, smooth
and
lim
m−→∞
λ2(um)
(∫
M
uNmdvg
) 2
n
= µ2(M, g).
The sequence (um)m will be choosen such that
∫
M
uNm dvg = 1, hence µ2(M, g) = limm−→∞ λ2(um). For
each um, Proposition 2.4 provides the existence of a function wm ∈ H
2
1 (M) such that
Lgwm = λ2(um)|um|
N−2wm. (8)
Moreover, the sequence (wm)m can be normalized by∫
M
|um|
N−2w2m dvg = 1.
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Since
∫
M
uNmdvg = 1, (um)m is bounded in L
N (M) which is a reflexive space, there exists u ∈ LN(M)
such that um converges weakly to u in L
N (M), we have
um ⇀ u in L
N (M).
• The sequence (wm)m is bounded in H
2
1 (M).
We proceed by contradiction and assume that ‖wm‖H21(M) −→∞. Let
w′m =
wm
‖wm‖H21(M)
.
‖w′m‖H21 (M) = 1, hence (w
′
m)m is bounded in H
2
1 (M). Since H
2
1 (M) is a reflexive space, this implies using
Kondrakov and Banach-Alaoglu theorems, that there exists a subsequence (w′m)m and w
′ ∈ H21 (M) such
that
w′m ⇀ w
′ in H21 (M),
and
w′m −→ w
′ in L2(M).
Equation (8) is linear, so w′m satisfies
Lgw
′
m = λ2(um) |um|
N−2 w′m.
Hence for all ϕ ∈ C∞(M), we have:
cn
∫
M
〈∇w′m,∇ϕ〉 dvg +
∫
M
Sgw
′
mϕdvg =
∫
M
λ2(um) |um|
N−2 w′mϕdvg .
Since w′m ⇀ w
′ in H21 (M) and w 7−→ 〈∇w,∇ϕ〉 is a linear form on H
2
1 (M), then
cn
∫
M
〈∇w′m,∇ϕ〉 dvg −→ cn
∫
M
〈∇w′,∇ϕ〉 dvg.
The sequence w′m converges strongly to w
′ in L2(M). This gives that∫
M
Sgw
′
mϕdvg −→
∫
M
Sgw
′ϕdvg.
Using Ho¨lder inequality, we obtain that
∫
M
|um|
N−2w′mϕ dvg −→ 0. Indeed,∣∣∣∣∫
M
|um|
N−2
w′mϕdvg
∣∣∣∣ ≤ ‖ϕ‖∞ ∫
M
|um|
N−2
2 |w′m| |um|
N−2
2 dvg
≤ ‖ϕ‖∞
(∫
M
|um|
N−2
w′m
2
dvg
) 1
2
(∫
M
|um|
N−2
dvg
) 1
2
≤ ‖ϕ‖∞
(∫
M
|um|
N−2
wm
2 dvg
) 1
2
‖wm‖H21 (M)
(∫
M
|um|
N
dvg
)N−2
2N (
vol(M, g)1−
N−2
N
) 1
2
≤ ‖ϕ‖∞
1
‖wm‖H21 (M)
(vol(M, g))
1
N −→m−→+∞ 0.
Then
cn
∫
M
〈∇w′,∇ϕ〉 dvg +
∫
M
Sgw
′ϕ dvg = 0,
which means that in the sense of distributions, we have
Lgw
′ = 0.
Since λ1(1) < 0 and λ2(1) is positive, 0 /∈ Sp(Lg). It follows that w
′ = 0. Now, we also have∫
M
cn |∇w
′
m|
2
dvg +
∫
M
Sgw
′
m
2
dvg = λ2(um)
∫
M
|um|
N−2
w′m
2
dvg,
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with
λ2(um)
∫
M
|um|
N−2
w′m
2
dvg =
λ2(um)
‖wm‖
2
H21 (M)
−→ 0
and ∫
M
Sgw
′
m
2
dvg −→
∫
M
Sgw
′2 dvg = 0.
Hence ∫
M
|∇w′m|
2
dvg −→ 0.
Finally, we get that
‖w′m‖
2
H21 (M)
= 1 =
∫
M
|∇w′m|
2
dvg +
∫
M
w′m
2
dvg −→ 0,
which gives the desired contradiction. We obtain that (wm)m is a bounded sequence in H
2
1 (M). Then
there exists w ∈ H21 (M) such that:
wm ⇀ w in H
2
1 (M),
wm −→ w in L
2(M).
It follows that in the sense of distributions, we have
Lgw = µ2(M, g) |u|
N−2 w.
It remains to show that w changes sign and is different from zero.
• Suppose that w does not change sign. Without loss of generality, we can assume that w ≥ 0. In
the sense of distributions, we have
cn∆gw + Sgw = µ2(M, g) |u|
N−2
w. (9)
It was already mentioned at the beginning of this section that we can assume that Sg < 0, because
µ(M, g) < 0. Integrating (9) over M , we get:∫
M
cn∆gw dvg︸ ︷︷ ︸
=0
+
∫
M
Sgw dvg︸ ︷︷ ︸
<0
= µ2(M, g)
∫
M
|u|
N−2
w dvg︸ ︷︷ ︸
≥0
.
This gives a contradiction unless w ≡ 0 which is prohibited by what follows.
• Assume that w = 0. By referring to [Heb97] and [Aub76] we have the following theorem:
If (M, g) is a Riemannian manifold of dimension n ≥ 3, for all ǫ > 0, there exists Bǫ such that for any
u ∈ H21 (M), we have(∫
M
|u|
N
dvg
) 2
N
≤ (µ(Sn)−1 + ǫ)
(∫
M
cn |∇u|
2
dvg +Bǫ
∫
M
u2 dvg
)
.
We obtain
cn
∫
M
|∇wm|
2 dvg + Sg
∫
M
w2m dvg = µ2(M, g)
∫
M
|um|
N−2 w2m dvg
≤ µ2(M, g)
(∫
M
|um|
N
dvg
)N−2
N
︸ ︷︷ ︸
=1
(∫
M
|wm|
N
dvg
) 2
N
≤ µ2(M, g)(µ(S
n)−1 + ǫ)︸ ︷︷ ︸
<1(if ε is small enough)
(∫
M
cn |∇wm|
2
dvg +Bǫ
∫
M
w2m dvg
)
.
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Hence
cn
[
1− µ2(M, g)(µ(S
n)−1 + ǫ)
]︸ ︷︷ ︸
>0
∫
M
|∇wm|
2 dvg ≤ c
∫
M
w2m dvg︸ ︷︷ ︸
−→0
,
then
∫
M
|∇wm|
2
dvg −→ 0, so ‖wm‖H21 (M)
−→ 0. This shows that wm −→ 0 in H
2
1 (M).
We finally get that
1 =
∫
M
|um|
N−2
w2m dvg ≤
(∫
M
|um|
N
dvg
)N−2
2
∫
M
wNm dvg︸ ︷︷ ︸
−→0
.
This gives a contradiction, then w 6= 0.
4.2.2. Proof of Proposition 4.3. Since λ2(g) > 0, then
µ2(M, g) = inf
u>0
λ2(u)
(∫
M
uN dvg
) 2
n
= inf
u≥0
λ2(u)
(∫
M
uN dvg
) 2
n
.
Wemimic the proof of Lemma 3.3 in [AH06] by taking w1 = w+ = sup {0, w} and w2 = w− = sup {0,−w}.
This gives that
u = aw+ + bw−,
where a, b > 0. By Lemma 3.1, w ∈ C2,α, u ∈ C0,α and Step 4 of the proof of Theorem 3.4 in [AH06]
then shows that
u = |w|.
Since w is in H21 (M), Lemma 3.1 of [AH06] says that w ∈ L
N+ε(M), because w satisfies the equation
Lgw = µ2|w|
N−2w,
and standard bootstrap arguments gives that w ∈ C3,α(M) for all α < N − 2.
4.2.3. Proof of Proposition 4.4. In this paragraph, we will see that if M is not locally conformally flat of
dimension n ≥ 6, then we obtain that
µ2(M, g) < µ(S
n).
We still consider the case where µ(M, g) < 0. Then there exists a positive function v solution of the
Yamabe equation
Lgv = µ(M, g)v
N−1. (10)
Let x0 be a point of M at which the Weyl tensor is not zero (such a point exists because the manifold
is not locally conformally flat and n ≥ 4) and (x1, . . . , xn) be a system of normal coordinates at x0. For
x ∈M, denote by r = d(x, x0) the distance to the point x0. If δ is a small fixed number, let η be a cut-off
function of class C∞ defined by 
0 ≤ η ≤ 1,
η = 1 on Bδ(x0),
η = 0 on M\B2δ(x0),
|∇η|≤ 2
δ
.
For all ǫ > 0 we define the following function
vǫ = cǫη(ǫ + r
2)
2−n
2 ,
where cǫ is choosen such that ∫
M
vNǫ dvg = 1.
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By referring to [Aub76]
lim
ǫ−→0
Y (vǫ) = µ1(S
n),
where Y (u) is the Yamabe functional defined by
Y (u) =
∫
M
cn|∇u|
2+Sgu
2 dvg(∫
M
uN dvg
) 2
N
.
If (M, g) is not locally conformally flat, by a calculation made in [Aub76], there exists a constant C(M) > 0
such that
Y (vε) =
∣∣∣∣∣∣
µ1(S
n)− C(M)ε2 + o(ε2) if n > 6
µ1(S
n)− C(M)ε2| ln(ε)|+ o(ε2| ln(ε)|) if n = 6.
(11)
Again from [Aub76] there exists constants a, b, C1, C2 > 0, such that
aε
n−2
4 ≤ cε ≤ bε
n−2
4 ,
and
C1αp,ε ≤
∫
M
vpε dvg ≤ C2αp,ε (12)
where
αp,ε =
∣∣∣∣∣∣∣∣∣∣∣
ε
2n−(n−2)p
4 if p > n
n−2 ;
| ln(ε)|ε
n
4 if p = n
n−2 ;
ε
(n−2)p
4 if p < n
n−2
We have
µ2(M, g) = inf
u
λ2(u)
(∫
M
uN dvg
) 2
n
= inf
u
w,w′
sup
λ,µ
∫
M
Lg(λw + µw
′)(λw + µw′) dvg∫
M
uN−2(λw + µw′)2 dvg
(∫
M
uN dvg
) 2
n
= inf
u
w,w′
sup
λ,µ
F (u, λw + µw′).
Let λǫ, µǫ such that
λ2ǫ + µ
2
ǫ = 1
and
F (vǫ, λǫv + µǫvǫ) = sup
(λ,µ)∈R2\{(0,0)}
F (vǫ, λv + µvǫ),
where v is the function defined in the equation (10).
Calculating F (vǫ, λǫv + µǫvǫ), we get
F (vǫ, λǫv + µǫvǫ) =
∫
M
Lg(λǫv + µǫvǫ)(λǫv + µǫvǫ) dvg∫
M
vN−2ǫ (λǫv + µǫvǫ)2 dvg
(∫
M
vNǫ dvg
) 2
n
=
λ2ǫµ(M, g) + µ
2
ǫY (vǫ) + 2λǫµǫµ(M, g)
∫
M
vN−1vǫ dvg
λ2ǫ
∫
M
vN−2ǫ v2 dvg + µ2ǫ + 2λǫµǫ
∫
M
vN−1ǫ v dvg
=
Aǫ
Bǫ
.
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If
λε −→ λ 6= 0, µε −→ µ 6= 0,
then
F (vε, λεv + µεvε) −→
λ2µ(M, g) + µ2µ(Sn)
µ2
< µ(Sn).
Similarly, if µ = 0, λ2 = 1, then the numerator Aε ∼ µ(M, g) < 0, while the denominator Bε remains
positive, which gives again that
F (vε, λεv + µεvε) ≤ 0 < µ(S
n),
which gives the desired inequality. Then, in the sequel, we assume that λε −→ 0 and µε −→ ±1.
The case n > 6
Using (12) we have ∫
M
vN−1vε dvg ∼ε→0 Cε
n−2
4 ,∫
M
vN−2ε v
2 dvg ∼ε→0 Cε,
and ∫
M
vN−1ε v dvg ∼ε→0 Cε
n−2
4 ,
where C denotes a constant that might change its value from line to line. We distinguish two cases
• there exists a constant C > 0 such that
|λε| ≤ Cε
n−2
4 , (13)
or
• there exists αε such that
|λε| = αεε
n−2
4 , (14)
and
αε −→ +∞.
(possibly extracting a subsequence).
(1) Suppose first that (13) is verified. Then we have
|λε| ≤ Cε
n−2
4 .
Hence λ2ε = O(ε
n−2
2 ), so µ2ε = 1− λ
2
ε = 1 +O(ε
n−2
2 ). Therefore
µε = 1 +O(ε
n−2
2 ).
This gives
Aǫ = O(ε
n−2
2 ) + (1 +O(ε
n−2
2 ))
(
µ(Sn)− C(M)ε2 + o(ε2)
)
+O(ε
n−2
2 )
= µ(Sn)− C(M)ε2 +O(ε
n−2
2 ) + o(ε2).
Since n−22 > 2,
Aε = µ(S
n)− C(M)ε2 + o(ε2),
and
Bε = O(ε
n−2
2 +1) + 1 +O(ε
n−2
2 ) +O(ε
n−2
2 ) = 1 + o(ε2).
Then,
Aε
Bε
= µ(Sn)− C(M)ε2 + o(ε2) < µ(Sn).
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(2) Assume now that (14) is fulfilled. In this case
Aε
Bε
=
λ2εµ(M, g) + (1− λ
2
ε)Y (vε) + λεO(ε
n−2
4 )
λ2εO(ε) + (1− λ
2
ε) + 2λεµεO(ε
n−2
4 )
=
λ2εµ(M, g) + (1− λ
2
ε)Y (vε) + o(λ
2
ε)
o(λ2ε) + (1− λ
2
ε) + o(λ
2
ε)
=
λ2εµ(M, g)
1− λ2ε + o(λ
2
ε)
+
Y (vε)
1 +
o(λ2ε)
µ2ε
+ o(λ2ε)
≤ µ(M, g)λ2ε + µ(S
n)(1 + o(λ2ε)) + o(λ
2
ε)
≤ µ(Sn) + µ(M, g)λ2ε + o(λ
2
ε)
< µ(Sn),
because µ(M, g) < 0 and Y (vε) ≤ µ(S
n).
The case n = 6
Since ∫
M
vN−2ε v
2dvg ∼ε→0 Cε,∫
M
vN−1vεdvg ∼ε→0 Cε,∫
M
vN−1ε vdvg ∼ε→0 Cε,
then
Aε = λ
2
εµ(M, g) + µ
2
εY (vε) + 2λεµεO(ε),
Bε = λ
2
εO(ε) + µ
2
ε + 2λεµεO(ε).
Again, we have two cases to study
(1) If |λε|≤ Cε, then
λ2ε ≤ Cε
2.
This implies
Aε = µ(S
n)− Cε2|ln(ε)|+o(ε2|ln(ε)|)
and
Bε = 1 +O(ε
2) = 1 + o(ε2|ln(ε)|).
Hence
Aε
Bε
< µ(Sn).
(2) If |λε|= αεε, with αε −→ +∞. Since Y (vε) ≤ µ(S
n), therefore
Aε = α
2
εε
2µ(M, g) + µ2εµ(S
n) + o(α2εε
2),
and
Bε = µ
2
ε + o(α
2
εε
2).
Therefore
Aε
Bε
= µ(M, g)
α2εε
2
1 + o(1)
+
µ(Sn)
1 + o(α2εε
2)
+
o(α2εε
2)
1 + o(1)
= µ(M, g)α2εε
2 + µ(Sn) + o(α2εε
2)
< µ(Sn).
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This ends the proof of Propositon 4.4. 
So we get a solution w having a changing sign of the equation
Lgw = µ2|w|
N−2w.
Finally, to obtain the resultat announced in Theorem 4.1, it suffices to set
w′ = µ
n−2
4
2 w,
then w′ verifies
Lgw
′ = ε|w′|N−2w′,
with ε = 1 = sign(λ2(g)).
5. The case λ2 < 0
In this section, we will show that in all cases, there exists a nodal solution of the equation
Lgw = C0|w|
N−2w,
where C0 is a negative constant.
First, since µ < 0, we assume in the whole section that the metric g is such that Sg = −1. In this context,
the approach will be different. Indeed, the second Yamabe invariant is not well defined as shown in the
following proposition:
Proposition 5.1. Let M be a compact Riemannian manifold of dimension n ≥ 3. Suppose that λ2 < 0,
then
inf
u
λ2(u)
(∫
M
uN dvg
) 2
n
= −∞.
The proof will be detailed in Subsection 5.0.5.
We will use a new functional
Ig(u) =
(∫
M
|Lgu|
2n
n+2 dvg
)n+2
n
|
∫
M
uLgu dvg |
.
We study α := inf Ig(u) where the infimum is taken over the functions u ∈ H
2n
n+2
2 (M) such that∫
M
uLgu dvg < 0,
and with the following constraint ∫
M
|u|N−2u v dvg = 0,
for any function v ∈ kerLg.
We will show that α is a conformal invariant. We obtain also that the infimum of this functional is
attained by a function u. We set
v = |Lgu|
−4
n+2Lgu,
and we will observe that v has the following properties:
• v is a solution of the equation
Lgv = α
′|v|N−2v,
where α′ < 0 (i.e. has same sign than λ2).
• v has a changing sign.
• v is of class C3,α(M) (α < N − 2).
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5.0.4. Conformal invariance of α. Let g˜ = ϕ
4
n−2 g be a conformal metric, ϕ a smooth positive function.
Then
dvg˜ = ϕ
2n
n−2 dvg,
and
Lg˜u = ϕ
− n+2
n−2Lg(uϕ),
for all functions u.
(1) Remark that Ig˜(u) = Ig(uϕ).
Ig˜(u) =
(∫
M
|Lg˜u|
2n
n+2 dvg˜
)n+2
n
|
∫
M
uLg˜u dvg˜|
=
(∫
M
|ϕ|
−2n
n−2 |Lg(uϕ)|
2n
n+2ϕ
2n
n−2 dvg
)n+2
n
|
∫
M
uϕ
−(n+2)
n−2 Lg(uϕ)ϕ
2n
n−2 dvg|
=
(∫
M
|Lg(uϕ)|
2n
n−2 dvg
)n+2
n
|
∫
M
uϕLg(uϕ) dvg |
= Ig(uϕ),
where we have used ∫
M
uLg˜u dvg˜ =
∫
M
uϕ−
n+2
n−2Lg(uϕ)ϕ
2n
n−2 dvg
=
∫
M
(uϕ)Lg(uϕ) dvg.
(2) Assume that for any v ∈ kerLg˜, we have∫
M
|u|N−2uv dvg˜ = 0.
Then, for any v′ ∈ kerLg, we obtain∫
M
|uϕ|N−2(uϕ)v′ dvg =
∫
M
|u|N−2u(v′ϕ−1) dvg˜ = 0,
since
Lg˜(v
′ϕ−1) = ϕ−
n+2
n−2Lg(v
′) = 0,
i.e.
v′ϕ−1 ∈ KerLg˜.

5.0.5. Proof of Proposition 5.1. Assume that λ2(g) < 0, and choose u > 0.
By Lemma 2.4, there exists two functions v1 and v2 solutions of the following equations
Lgv1 = λ1(u)|u|
N−2v1,
and
Lgv2 = λ2(u)|u|
N−2v2,
such that ∫
M
|u|N−2v1v2 dvg = 0.
Let vε the function defined in Section 4.2, and let V = {v1, v2} . For all v ∈ V, we get
lim
ε−→0
∫
M
vN−2ε v
2 dvg = 0.
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Since λ1(u) < 0 and λ2(u) < 0, then for ε sufficiently small, we have
lim
ε→0
(
sup
v∈V
∫
M
(Lgv)(v) dvg∫
M
vN−2ε v2 dvg
)
= −∞,
hence
lim
ε→0
(
inf
u
λ2(u)
(∫
M
uN dvg
) 2
n
)
= −∞.

5.0.6. The infimum of the functional Ig is attained. Let (um)m be a minimizing sequence, i.e.,
lim
m−→∞
Ig(um) = α,
with ∫
M
|um|
N−2 um v dvg = 0, ∀ v ∈ kerLg.
We can assume that ∫
M
umLgum dvg = −1. (15)
Then
α = lim
m−→∞
(∫
M
|Lgum|
2n
n+2 dvg
)n+2
n
.
Now we show that (um)m is a bounded sequence in H
2n
n+2
2 (M).
We proceed by contradiction and we assume that, up to a subsequence, lim ‖um‖
H
2n
n+2
2 (M)
= +∞. Let
vm =
um
‖um‖
H
2n
n+2
2 (M)
.
Since ‖vm‖
H
2n
n+2
2 (M)
= 1, (vm)m is a bounded sequence in H
2n
n+2
2 (M), and therefore there exists v ∈
H
2n
n+2
2 (M) such that after restriction to a subsequence
vm ⇀ v in H
2n
n+2
2 (M),
vm −→ v in L
2(M).
By standard arguments, we get(∫
M
|Lgv|
2n
n+2 dvg
)n+2
n
≤ lim inf
m
(∫
M
|Lgvm|
2n
n+2 dvg
)n+2
n
︸ ︷︷ ︸
=0
.
This gives
Lgv = 0,
hence
v ∈ kerLg.
We have for all function v′ ∈ kerLg,∫
M
|vm|
N−2vmv
′ dvg =
∫
M
|um|
N−2umv
′ dvg
‖um‖
N−1
H
2n
n+2
2
= 0.
In particular for v′ = v, ∫
M
|vm|
N−2vmv dvg = 0 −→m→∞
∫
M
vN dvg ,
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so
v = 0. (16)
According to the regularity Theorem 3.75 in [Aub98], we have
1 = ‖vm‖
H
2n
n+2
2
≤ C
‖Lgvm‖
L
2n
n+2︸ ︷︷ ︸
−→0
+‖vm‖
L
2n
n+2
 .
Passing to the limit, we obtain ∫
M
v
2n
n+2 dvg ≥
1
C
,
which gives a contradiction. We deduce that (um)m is a bounded sequence in H
2n
n+2
2 (M). Then, after
restriction to a subsequence, there exists u in H
2n
n+2
2 (M) such that
um ⇀ u in H
2n
n+2
2 (M),
um ⇀ u in H
2
1 (M),
um −→ u in L
2(M).
Further, we have (∫
M
|Lgu|
2n
n+2 dvg
)n+2
n
≤ lim inf
m
(∫
M
|Lgum|
2n
n+2 dvg
)n+2
n
.
Moreover, ∫
M
uLgu dvg =
∫
M
|∇u|2 dvg −
∫
M
u2 dvg
≤ lim inf
m
∫
M
|∇um|
2 dvg −
∫
M
u2m dvg
= lim inf
m
∫
M
umLgum dvg = −1. (17)
Therefore ∫
M
uLgu dvg < 0,
and
u 6= 0.
Finally, with (17)
Ig(u) =
(∫
M
|Lgu|
2n
n+2 dvg
)n+2
n
|
∫
M
uLgu dvg|
≤ lim inf
m
(∫
M
|Lgum|
2n
n+2 dvg
)n+2
n
|
∫
M
umLgum dvg|
= lim inf
m
Ig(um) = α.
Hence the result is proved i.e. Ig(u) = α.
Euler equation
Notice that ∫
M
|u|N−2 u v′ dvg = 0, for any function v
′ ∈ kerLg.
In particular, α 6= 0. Remark also that ∫
M
uLgu dvg = −1.
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Indeed, the relation
∫
M
uLgu dvg < −1 would imply that Ig(u) < lim Ig(um) = α. We now write Euler
equation of u. Let {u1, . . . , uk} be a base of kerLg. By the Lagrange multipliers theorem, there exists
real numbers λ1, . . . , λk for which, for all function ϕ ∈ C
∞(M), we get
d
dt
|t=0Ig(u+ tϕ) = Σiλi
d
dt
|t=0gi(u+ tϕ),
where
gi(u) =
∫
M
|u|N−2 u ui dvg.
Setting a =
(∫
M
|Lgu|
2n
n+2 dvg
)n+2
n
, one checks
2a
2
n+2
∫
M
|Lgu|
−4
n+2LguLgϕ dvg + 2a
∫
M
ϕLgu dvg = (N − 1)Σiλi
∫
M
|u|N−2 ϕ ui dvg.
If ϕ ∈ kerLg, this last equation implies that
Σiλi
∫
M
|u|N−2 ϕ ui dvg = 0.
Then, for ϕ = Σiλi ui ∈ kerLg, we have ∫
M
|u|N−2 ϕ2 dvg = 0.
Therefore
|u|N−2 ϕ2 = 0 ⇒ |u|N−2 ϕ = 0
⇒ Σi λi |u|
N−2 ui = 0.
This gives, for any function ϕ (in kerLg or not), that
Σiλi
∫
M
|u|N−2ϕ ui dvg = 0.
Then u verifies in the sense of distributions the following equation
Lg
(
|Lgu|
−4
n+2Lgu
)
= α′Lgu, (18)
where
α′ = −α
n
n+2 = −
∫
M
|Lgu|
2n
n+2 dvg.
We set
v = |Lgu|
−4
n+2Lgu ∈ L
N(M),
then
|v|= |Lgu|
1− 4
n+2= |Lgu|
n−2
n+2 .
Hence,
Lgu = |v|
N−2 v.
Replacing each term by its value in Equation (18), we obtain
Lgv = α
′|v|N−2 v.
Regularity of v
We have u ∈ H
2n
n+2
2 (M), then Lgu ∈ L
2n
n+2 (M). Therefore
v ∈ LN(M),
since |v|N= |Lgu|
2n
n+2 . Moreover, in the sense of distributions
Lgv = α
′|v|N−2 v, (19)
this implies that
|Lgv|= |α
′||v|N−1,
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hence Lgv ∈ L
N
N−1 (M) = L
2n
n+2 (M), therefore v ∈ H
2n
n+2
2 (M) ⊂ H
2
1 (M).
Using Lemma 3.1 of [AH06], we get
v ∈ LN+ε(M),
By a standard bootstrap argument, we show that v ∈ C3,α(M)(α < N − 2).
Calculating now Ig(v), using (19), we have
Ig(v) =
(∫
M
|Lgv|
2n
n+2 dvg
)n+2
n
|
∫
M
vLgv dvg |
=
α′2
(∫
M
|v|(N−1)×
2n
n+2 dvg
)n+2
n
|α′|
∫
M
|v|N dvg
= α
n
n+2
(∫
M
|v|
2n
n−2 dvg
)n+2
n∫
M
|v|
2n
n−2 dvg
= α
n
n+2
(∫
M
|v|
2n
n−2 dvg
) 2
n
= α
n
n+2
(∫
M
|Lgu|
2n
n+2 dvg
) 2
n
= α
n
n+2α
2
n+2 = α.
The function v satisfies that, for any function v′ ∈ kerLg,∫
M
|v|N−2vv′ dvg = 0.
Indeed, ∫
M
|v|N−2 v v′ dvg =
∫
M
Lgu v
′ dvg
=
∫
M
u Lgv
′ dvg
= 0.
• v has changing sign
We proceed by contradiction and assume that v ≥ 0. Since v 6= 0, we deduce from the maximum principle
that v > 0. In addition, Equation (19) says that there exists an i such that α′ = λi(v). The only positive
eigenfunctions are the ones associated to λ1 and hence α
′ = λ1(v). By Proposition 2.4, there exists a
function w solution of the following equation
Lgw = λ2(v)|v|
N−2w.
Ig(w) =
(∫
M
|Lgw|
2n
n+2 dvg
)n+2
n
|
∫
M
wLgw dvg|
=
|λ2(v)|
2
(∫
M
|v|(N−2)×
2n
n+2 |w|
2n
n+2 dvg
)n+2
n
|λ2(v)|
∫
M
|v|N−2 w2 dvg
.
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By applying the Ho¨lder inequality with p = n+2
n
and q = n+22 , we get∫
M
|v|(N−2)×
2n
n+2 |w|
2n
n+2 dvg =
∫
M
|v|(N−2)×
n
n+2 |w|
2n
n+2 |v|(N−2)×
n
n+2 dvg
≤
(∫
M
|v|N−2 w2 dvg
) n
n+2
(∫
M
|v|
4
n−2×
n
2 dvg
) 2
n+2
.
Therefore
Ig(w) ≤ |λ2(v)|
(∫
M
|v|
2n
n−2 dvg
) 2
n
= |λ1(v)|
(∫
M
|Lgu|
2n
n+2 dvg
) 2
n
= α
n
n+2α
2
n+2 = α,
since by assumption λ1(v) = α
′ = α
n
n+2 , which gives a contradiction.
Then v is a nodal solution of the equation
Lgv = α
′|v|N−2v,
where α′ < 0. Setting
v′ := |α|
n−2
4 ,
we obtain that v′ is a solution of the equation
Lgv
′ = ε|v′|N−2v′
with ε = −1 sign (λ2(g)). This ends the proof of Theorem 4.1.
References
[AH06] B. Ammann and E. Humbert, The second Yamabe invariant, J. Funct. Anal. 235 (2006), no. 2, 377–412.
MR 2225458 (2007a:53073)
[Aub76] Thierry Aubin, E´quations diffe´rentielles non line´aires et proble`me de Yamabe concernant la courbure scalaire, J.
Math. Pures Appl. (9) 55 (1976), no. 3, 269–296. MR 0431287 (55 #4288)
[Aub98] , Some nonlinear problems in Riemannian geometry, Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 1998. MR 1636569 (99i:58001)
[BB10] Mohammed Benalili and Hichem Boughazi, On the second Paneitz-Branson invariant, Houston J. Math. 36 (2010),
no. 2, 393–420. MR 2661253 (2011h:58047)
[BD03] C. Ba¨r and M. Dahl, Small eigenvalues of the conformal Laplacian, Geom. Funct. Anal. 13 (2003), no. 3, 483–508.
MR 1995796 (2004d:58042)
[DJ02] Zindine Djadli and Antoinette Jourdain, Nodal solutions for scalar curvature type equations with perturbation
terms on compact Riemannian manifolds, Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 5 (2002), no. 1,
205–226. MR 1881932 (2002k:53061)
[ES] Safaa El Sayed, k-th eigenvalue of the Yamabe operator and surgery, In Preparation.
[Heb97] Emmanuel Hebey, Introduction a` l’analyse non-line´aire sur les varie´te´s, Arts et Sciences, Diderot Editeurs, Paris,
1997.
[Hol99] David Holcman, Solutions nodales sur les varie´te´s riemanniennes, J. Funct. Anal. 161 (1999), no. 1, 219–245.
MR 1670226 (99m:58205)
[HV94] Emmanuel Hebey and Michel Vaugon, Existence and multiplicity of nodal solutions for nonlinear elliptic equations
with critical Sobolev growth, J. Funct. Anal. 119 (1994), no. 2, 298–318. MR 1261094 (94j:35052)
[LP87] John M. Lee and Thomas H. Parker, The Yamabe problem, Bull. Amer. Math. Soc. (N.S.) 17 (1987), no. 1, 37–91.
MR 888880 (88f:53001)
[Sch84] Richard Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J. Differential
Geom. 20 (1984), no. 2, 479–495. MR 788292 (86i:58137)
[Tru68] Neil S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on compact mani-
folds, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 265–274. MR 0240748 (39 #2093)
[Ve´t07] Je´roˆme Ve´tois, Multiple solutions for nonlinear elliptic equations on compact Riemannian manifolds, Internat. J.
Math. 18 (2007), no. 9, 1071–1111. MR 2360648 (2009f:53051)
[Yam60] Hidehiko Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka Math. J. 12 (1960),
21–37. MR 0125546 (23 #A2847)
